The extraction of the QCD coupling α s from the comparison of experimental data on inclusive W and Z bosons hadronic decays to state-of-the-art perturbative QCD calculations is reviewed. The relatively small amount of W data from e + e − → W + W − collisions at LEP leads today to an non-competitive extraction of the strong coupling at the Z mass from the measured R W ratio of hadronic-to-leptonic branching fractions, α s (m Z ) = 0.117 ± 0.042 exp ± 0.004 th ± 0.001 par with a ∼35% propagated experimental uncertainty. Analysis of the much more abundant hadronic results at the Z pole leads to α s (m Z ) = 0.1203 ± 0.0030, with a 2.5% uncertainty by combining three different pseudo-observables (ratio of hadronic-to-leptonic widths R Z , hadronic peak cross section σ had Z , and total width Γ tot Z ). An α s determination with per mille uncertainty requires highstatistics W and Z bosons data samples at future e + e − colliders, such as the FCC-ee, combined with even higher precision (N 4 LO) pQCD calculations.
Introduction
The strong coupling α s is one of the fundamental parameters of the Standard Model (SM), and its value not only directly affects the stability of the electroweak vacuum [1] but it chiefly impacts the theoretical calculations of all scattering and decay processes involving real and/or virtual quarks and gluons [2] . Known today with a 0.9% precision, α s is the worst known of all fundamental interaction couplings in nature [3] , and such an imprecision propagates as an input parametric uncertainty in the calculation of many important physics observables, in particular in the electroweak (EW), Higgs, and top-quark SM sectors [4] . The current world-average value, α s (m Z ) = 0.1181 ± 0.0011 [3] , is derived from a combination of six subclasses of approximatelyindependent observables measured in e + e − collisions (hadronic Z boson and τ decays, plus event shapes and jet rates), deep-inelastic scattering DIS (structure functions and global fits of parton distributions functions PDFs), and p-p collisions (inclusive top-pair cross sections), as well as from lattice QCD computations constrained by the empirical values of hadron masses and decay constants. In order to be combined into the α s (m Z ) world-average, the experimental (or lattice) results need to have a counterpart perturbative QCD (pQCD) prediction at next-to-next-to-leadingorder NNLO (or beyond) accuracy.
In principle, among the theoretically and experimentally "cleanest" α s extractions are those based on the hadronic decays of electroweak bosons. This is so because (i) the inclusive hadronic W and Z decays can be very accurately measured in e + e − collisions provided one has large enough data samples, (ii) the corresponding theoretical predictions can be computed with a very high theoretical accuracy, today up to O(α 4 s ), i.e. N 3 LO, in pQCD [5] , plus mixed O(αα s ) pQCD-EW [6, 7] and (in the Z case) the full two-loop O(α 2 ) EW corrections [8] , and (iii) non-pQCD effects are suppressed thanks to the large energy scale given by the electroweak masses (m W,Z Λ QCD ≈ 0.2 GeV). The common high-precision hadronic observables used to extract α s in e + e − annihilation at the W and Z boson masses can be schematically decomposed as follows:
• total W and Z hadronic width:
where the Born width Γ
depends on the Fermi constant G F and the number of colours N C , and in the W case on the sum of CKM matrix elements |V ij | 2 , and
• ratio of inclusive hadronic-to-leptonic widths (that commonly includes also the τ lepton, which proceeds via offshell W decays):
where the R EW τ,W,Z prefactor accounts for the purely electroweak dependence of the ratio.
In both expressions (1) and (2), Q = m τ , m W , m Z is the relevant momentum transfer in the process, c i are coefficients of the pQCD expansion calculated today up to a finite order i = 4, the O(α 5 s ) term indicates (sub-permille) corrections at N 4 LO accuracy not yet computed, and δ m (αα s ) and δ np (Λ p QCD /Q p ) correspond to mixed pQCD-EW and power-suppressed non-perturbative corrections, respectively. It is important to note that the Born level term in the calculation of W and Z hadronic decays is completely independent of the QCD coupling, and that all α s sensitivity comes through (small) higher-order loop corrections. Indeed, for α s (m Z ) ≈ 0.118, the size of the QCD sum in Eq. (2) amounts to a ∼3% effect in the calculation of R W,Z , and thereby at least permille measurement accuracies in this ratio are required for a competitive α s (m Z ) determination. Such an experimental precision has been achieved in τ and Z boson measurements, but not in the W boson case, and that is why the latter does not yet provide a precise α s extraction [9] as discussed below. Reaching permille uncertainties in α s determinations requires many orders of magnitude smaller uncertainties in the experimental τ, W and Z measurements than today, a situation only reachable at a future e + e − collider such as the FCC-ee [10] (or before, at B-factories, for the τ lepton).
It is instructive to consider the α s extraction via τ lepton decays using Eq. (2), which proceeds via offshell W hadronic decays (involving only the kinematically allowed u, d, and s quarks), before studying the (onshell) electroweak bosons case. In this case, the ratio of hadronic to leptonic decays, known experimentally to within ±0.23%, R τ,exp = 3.4697 ± 0.0080, yields α s (m Z ) = 0.1192 ± 0.0018 with a 1.5% uncertainty, through a combination of results from different N 3 LO calculations (contour-improved CIPT, and fixed-order FOPT, perturbation theory) with different treatments of the non-pQCD corrections [11, 12] . The non-perturbative power-suppressed δ np term in Eq. (2) is O(Λ 2 QCD /m 2 τ ) ≈ 10 −2 , and thereby not negligible at variance with the much heavier W and Z bosons case. Reducing the current α s (m Z ) extraction uncertainties from the τ lepton requires controlling the non-pQCD uncertainties through better experimental data (in particular, τ spectral functions) than those from ALEPH and OPAL currently available (e.g., from B-factories now, and FCC-ee in the future) [12] , solving CIPT-FOPT discrepancies, and eventually extending the calculations to N 4 LO accuracy.
Extraction of α s (m Z ) from hadronic W decays
The current state-of-the-art calculations of W boson hadronic decays include N 3 LO pQCD [5] , one-loop O(α) EW [13] , and mixed two-loop O(αα s ) pQCD-EW [6] corrections. Numerically, the relative weights of the different terms appearing in Eqs. (1) and (2) amount to [9] : W ) power corrections. However, the calculations suffer from a significant parametric uncertainty from the input CKM matrix elements. Indeed, the Born-level W hadronic decay width is directly proportional to the sum over the first two rows of the CKM matrix, Γ Born W ∝ ∑ u,c,d,s,b |V ij | 2 (the top quark is kinematically forbidden in W decays), whose uncertainty is dominated by the 1.6% imprecision of the measured charm-strange quark mixing element, |V cs,exp | = 0.986 ± 0.016 [3] . Thus, using the experimental CKM elements, the prefactor ∑ u,c,d,s,b |V ij | 2 = 2.024 ± 0.032 propagates as a final 1.6% uncertainty into any hadronic W decay calculation today. In order to assess the impact of such a parametric uncertainty, one can impose CKM unitarity and take
Unfortunately, on the experimental side the situation is even much less precise. [3] , one can barely constraint the QCD coupling: α s (m Z ) = 0.069 ± 0.065 exp ± 0.050 par , or assuming CKM unitarity, α s (m Z ) = 0.107 ± 0.066 exp ± 0.002 par ± 0.001 th . If one uses, instead, the value of the hadronic/leptonic ratio experimentally known with a 1.2% precision (R exp W = 2.068 ± 0.025), one obtains α s (m Z ) = 0.00±0.04 exp ±0.16 par (with the experimental CKM matrix) or α s (m Z ) = 0.117± 0.042 exp ± 0.004 th ± 0.001 par (assuming CKM unitarity) [9] . This last value shows that, in the best scenario, the derived α s (m Z ) value has currently a huge ±36% propagated uncertainty (Fig. 1, left) . Figure 1 : Extraction of α s from the hadronic/leptonic W decay ratio R W , using the current data (left) and expected at the FCC-ee with experimental uncertainties alone (right) [9] . Note the wildly different x-and y-axes scales. The diagonal blue line in both plots assumes CKM matrix unitarity.
At the FCC-ee, the total W width Γ tot W can be accurately measured through a threshold e + e − → W + W − scan around √ s = 2m W , and also the R W ratio will profit from the huge sample of 5 · 10 8 W bosons (a thousand times more than those collected at LEP) thereby reducing the statistical uncertainty of R W to around 0.005%. Neglecting parametric uncertainties, the high-precision W decay measurements at the FCC-ee would significantly improve the extraction of α s with propagated experimental uncertainties of order 0.4%. A value that could be further reduced to ∼0.2% through the measurement of the R W ratio in three e + e − → W + W − final states ( ν ν, ν qq,), and/or combining it with the α s value derived from the total width Γ tot W . Indeed, the ratio of cross sections σ (WW →)/σ (WW → ν ν) is proportional to (R W ) 2 , thereby gaining a factor two in statistical sensitivity, and being totally independent of potential modifications of the weak coupling running as well as free from cross section normalization uncertainties [10] . Figure 1 (right) shows the estimated α s extraction from the expected improved measurement of R W at FCC-ee, assuming that V cs has a negligible uncertainty (or, identically, assuming CKM matrix unitarity). A full determination of α s with permille uncertainty including also parametric and theoretical uncertainties will require two more developments: (i) a significantly reduced uncertainty of the V cs CKM element, and (ii) computing the N 4 LO pQCD term O(α 5 s ), as well as missing two-loop electroweak corrections (available now for the Z boson) of Eqs. (1) and (2) .
Extraction of α s (m Z ) from hadronic Z decays
On the theory side, the current state-of-the-art Z boson hadronic decays calculations include N 3 LO pQCD [5] , plus full two-loop O(α 2 ) EW, and mixed two-loop O(αα s ) pQCD-EW corrections (see Ref. [8] for a complete list of relevant references). Numerically, the size of the Born term appearing in Eqs. (1) and (2) Left: Using the current experimental measurements of Γ tot Z (dashed-dotted), R Z (dashed), and σ had Z (dotted lines). Right: Expected at the FCC-ee from Γ tot Z and R Z (yellow band) without theoretical uncertainties (dotted curve) and with the current ones divided by a factor of four (solid curve). The blue band in both plots shows the result of the full SM electroweak fit today [15] .
as quoted in the Electroweak chapter of the PDG [3] ). Alternatively, fixing all SM parameters to their measured values and letting free α s in the full SM electroweak fit gives α s = 0.1194 ± 0.0029 with a ∼2.4% uncertainty (blue curve in Fig. 2 ) [15] .
At the FCC-ee, the availability of 10 12 Z bosons providing high-precision measurements with ∆m Z = 0.1 MeV, ∆Γ tot Z = 0.1 MeV, ∆R Z = 10 −3 (achievable thanks to the possibility to perform a threshold scan including energy self-calibration with resonant depolarization) will reduce the α s (m Z ) uncertainty to ∼0.15%. Figure 2 (right) shows the expected α s extractions from R Z and Γ tot Z at the FCC-ee (yellow band) without theoretical uncertainties (dotted red curve) and with the theoretical uncertainties reduced to one-fourth of their current values (solid red curve) [15] , a result
